In this chapter, we will study the direction cosines, direction ratios of a line joining
two points and discuss about the different forms of equations of lines in space under
different conditions using vector algebra.

THREE-DIMENSIONAL
GEOMETRY

|TOPIC 1|

Direction Cosines and
Direction Ratios of a Line

We know that the position of a point in a plane can be determined, if the |

coordinates (x, y) of the point with reference to two mutually perpendicular v CHAPTER CHECKLIST
lines called X and }-axes are known. In order to locate a point in space, two
coordinate axes is insufficient. So, we need three coordinarte axes called X, ¥ and
Z-axes.

* Direction Cosines and Direction
Ratios of a Line

» Lines in Space

Coordinate Axes and Coordinate Planes
in Three-Dimensional Geometry

Let X'OX,Y 0V and Z’OZ be three mutually perpendicular lines intersecting
at (. The point  is called the origin and the lines X "OX, YOV and Z'0Z are
called X -axis, ¥-axis and Z-axis, respectively. These three lines are also called the
rectangular coordinate axes. These lines constitute the rectangular coordinate
system.
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These three axes, taken in pairs determine three mutually
perpendicular planes XOV, YOZ and ZOX or simply
XY¥-plane, YZ-plane and ZX-plane, called rectangular
coordinate planes which divide the space into eight parts
called octants.

Note Equation of ¥Z-plane is x = 0, equation of ZX-plane is y=0
and equation of XY-plane is 2= 0.

COORDINATES OF A POINT IN SPACE

The coordinates of a point are the distances from the origin
to the feet of the perpendiculars, drawn from the point on
the respective coordinate axes.

Z1c10,0,2)

XAl

The coordinates of the origin O are (0, 0, 0). The
coordinates of any point on the X-axis, Y-axis and Z-axis
will be as A(x,0,0), B(0, ,0) and C(0, 0, 2), respectively
and the coordinates of any point in space will be P(x, y, z).

Note Fact about coordinates of point P(x, y, 2)
x = Perpendicular distance of P fram YZ-plane
y = Perpendicular distance of P from XZ-plane
z = Perpendicular distance of P from X¥-plane

Important Formulae

(i) Distance between two points Let P(x,, y,, z,) and

Q(x, ¥5, z,) be two points referred to a system of
rectangular axes, then

PQ=(xy = x)7 + (3, = 1) + (2, = 2))°.

(i) Section formula Let the two given points be
Plxy, y1,2;) and Q(xs, y5.25) and the point
R(x, y,2z) divides PQ in the given ratio m:n
internally, then

Kk m } n J
P R Q
by ¥ 21) (*2, ¥2. 22)
R miX o +nx, oMy, Ry, mz,+ng
m+n  mt+n = mtn
If the point R divides PQ externally in the ratio m :n,
then . .
[ m g
—n —
P Q F
by ys 2q) bz e 22
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c=x

m—n m—n m—n

R—[ml —nx, my, —ny, mz, —nz]}

(iii) Mid-point of a line The mid-point of the line
joining points Alx,, y,,z,) and Blx,, y,,2,) is

x +txy; nty, 5 t+3,
2 2 2 )

] ¥

(iv) Centroid of a triangle The centroid of AABC with
vertices A(x,, y,,2,), Bx,, 5, z,) and
Clxs, y3.25) is
C= Xy tx;txy T yat ¥y oz +z1+z3]

3 3 3

Note Centroid of a tetrahedron The coordinates of the centroid
of a tetrahedron, whose vertices are (x,, vy, ), (%3, ¥o. Z2) (%5, ¥3. 23)
and (x,, ¥,. 2,), are
["l+xz+’[s+"‘4 Ht¥atl¥sty Z|+22+Z:3+2.1)
4 4 4

EXAMPLE |1]| Find the distance of a point P(a, b, c)

[All India 2014C]

Sol. Draw a perpendicular line from P to the X-axis, then
coordinates of intersection point is ({a, 0, 0).
. Required distance,

PO =J(a-a)* +(0-b)* +(0-c)’
[-. distance = J{xz - x, ]2 +(y2= W ]2 +(z; = 31)2]
=Jﬂ+bz +ct =~|J'Ib2+c2

from X-axis.

DIRECTION COSINES OF
A LINE

As we know thar if a directed line (say L) passing through
the origin makes angles o, and y with X, ¥ and Z-axes
respectively, called direction angles, then cosine values of
these angles, i.e. cosa, cosP and cosy are known as the

—
direction cosines of the directed line L (or (34).

The direction cosines are represented by /, m and n. Thus,
! =cosce, m =cos b and n=cos .
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If the direction of directed line is reversed (i.e. opposite),
then the direction angles are replaced by their supplements,
ie. t—o, m—P and m—y. Also, the signs of direction
cosines are reversed, i.e. (—f,— m,— n).

MNote

(i) A line in space can be extended in two opposite directions and
so it has two sets of direction cosines. To have a unique set of
direction cosines for a given line in space, we must take the
given line as a directed line.

(ii) If the given line in space does not pass through the origin, then
in order to find its direction cosines, we draw a line through the:
origin and parallel to the given line. Now, take one of the
directed lines from the origin and find its direction cosines and
then use the result that two parallel ines have same sat of
direction cosines.

fii) (a) DC's of the X-axis are 1, 0, O
(b) DC's of the Y-axis are 0, 1, 0.
(c) DC's of the Z-axis are 0, 0, 1.

EXAMPLE |2| If a line makes angles 90°, 135°, 45°
with the X, ¥ and Z-axes, respectively. Find its direction
cosines. [NCERT]
Sol. Let direction cosines of the line be [, m and n.
Given, o0 =90°, B =135%and y = 45°
Then, [=cosc =cos 90°=10,
m=cos[} = cos 135"=_—1

V2

and n=cosY = cos 45°=:1F
2

-1 1
Hence, the direction cosines of a line are 0, —=and —.
2

Relation between Direction
Cosines of a Line

Let direction cosines of a line RS be{, m and n. Now, draw a
line passing through origin and parallel to the given line.
Take a point Plx, y,z) on this line and draw a

perpendicular PA from P on X-axis.

Let OP = r. Then, in right angled AOAP,

P
X
cosQl =—=—
or r r
= x=lr
Similarly, y =mr and z = nr o 3 A
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c=x

Now, x2+ _}'I—I—zI =P +mt+nd)

= it mt+ 0

[+ distance OP =7 = x>+ y* + 27 =77]

= Prm’+n’=1

which is the required relation berween direction cosines of a
line.

EXAMPLE |3| Find the direction cosines of a line
which makes equal angles with coordinate axes.
[NCERT: All India 2019]
Sol Let the line makes an angle o with each of the three
coordinate axes, then its direction cosines are | = cos oL,
m=cos ¢t andp = cos o-
We know that 2 +m® +n° =1
= cos O+ cos oL +cos 0L =1=>3cos o =1
1 1
= cos O == = cosQl=t-——
3 V3
1 1
Hence, direction cosines of a line are —, —,
-1 -1 -1 343

TBBE

&=

Direction Cosines of a Line Passing
through Two Points

The direction cosines of a line passing through the points
Alxy, yy, 2;) and B(x,, y,, z,) are given by
XX , Yz2— N and 22—

AB AB AB

where, AB =J{x2 —x )+ (= )+ (2, —2)°

DIRECTION RATIOS OF A LINE

Any three numbers &, b and ¢ proportional to the direction
cosines , m and #n respectively, are called the direction ratios
or direction numbers of the line.

)

Suppose, —= %= z_ k (say), k being a constant.
a ¢

= {=ak, m=bkand n=ck

But we know that/* + mZ+n? =1
o ak) (B + (k)P =1 = E e+ b2+ =1

1|ial+bl+r‘1
a b
=t —/— —m——m =t ——
1|'srz+£52+r2 Vat+b7+¢°
and <

n=t —
\jaz+é2+fz
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Thus, if a,bandc are direction ratios, then direcrion

+a t+é te

cosines are —, T
J¢12+b‘+r‘ \.j’.c:1+15:1+.r2 Ja‘+b‘+r‘

where signs should be taken all positive or all negative.

For any line, if &, & and ¢ are direction ratios of a line, then
ka, kb, ke; b #0 is also a set of direction ratios. So, any two
sets of direction ratios of a line are also proportional.

Hence, for a line, there are infinitely many sets of direction
ratios.

Direction Ratios of a Line Passing
through Two Points

The direction ratios of a line passing through two points
P(x;,y,,2,) and  Qlx,,y,.z,) are given by
Xy= %y ya—ypand z; - 2z,

Mote Direction ratios of two parallel lines are proportional, as two
parallel lines have same set of direction cosines.

EXAMPLE |4| If a line has direction raties 2, -1, 2,
then determine its direction cosines. |[NCERT]
Sol. Given direction ratios are (2, -1, 2), ie.a=2 b=-1and
c=2
Then, Va® + 5% +¢? = J(2)° +(-1) +(2 =0 =3

Now, direction cosines are

a 2
I=—=—‘
Na' 4 b+t 3

b -1
m=— =

Na' + b+t 3
c

n=E ——
va® + b+t

and

EXAMPLE |5| Find the direction ratios and direction
cosines of the line passing through two points (2, -4, 5)
and (0, 1, -1).
Sol Let Alx,, ¥, .z,)=(2 =4, 5), B(x,. ¥,. 2,)=1(0,1 =1).
Then, DR 'sof line AB is(0 = 2,1+ 4, =1=5),ie.(-2 5 —6)
Now, DC's of ABare
=2 5

J(—zf +58 4 (=6) J{—z)z +58 4 (=6)

-6
J(=2)7 +5% + (=6)?

Hence, DC's of line AB are (-—2 3 -—6}

65 65 65

u

c=x

EXAMPLE |6| Find the direction cosines of the sides of
the triangle whose vertices are (3, 5, =4), (-1, 1, 2) and
(_5r _5‘; _2)-‘ [NCERT]
Sol Let the vertices of AABC be A(3, 5 -4), B(-1, 1, 2) and
C(-5-5-2).
Then, the direction ratios of side AB are
[(-1-3),(1-5), 2-(=4)] 1e.(-4, -4, 6)

[+ if the given points are A(x,, ¥,.z, Jand B{(x;, y5,2. )
then DR’s of AB = {x, —x,, ¥, - ¥. 2, -2, )]
and the direction cosines of AB are
[ 4 4 &

"+ if @, & and ¢ are direction ratios, then direction cosines

are [ a b c ]
1)‘.12+bz+c2.Ja2+b2+r2‘Ja2+bz+c2
Similarly, the direction ratios of side BC are
[-5-(-1)}k (-5-1)(-2-2)] Le.(-4.-6,-4)
and the direction cosines of BC are
-4 -6 -4 -2 -3 -2
[E’F' mﬂﬁ] - (717317717]
The direction ratios of side AC are
[(=5-3).(=5-5), {(-2~(=4)}] i.e. (-8 -10, 2)

and the direction cosines of AC are
4

-8 -10 2 -4 =5 1
(2;42’2342’2 42]0r( 42'35':@]
CONDITION FOR COLLINEARITY
OF THREE POINTS

Suppose Alx;, y;,2,), Blx,, )'z,zzland(?(xa,yﬂ,z}) are
three points in a space. Then, direction ratios of line joining
A and B, B and C are (x; —xy, y; — ¥y, 2; —2;)and
(x; = x5, ¥3 — ¥3» 23 — 2,), respectively. If direction ratios
of AB and BC are proportional, then these points are
collinear, otherwise not.

EXAMPLE |7| Show that the points A(2, 3, - 4),
B(1, -2 3)and C(3, 8, - 11) are collinear. INCERT]
Sol. Given points are A(2, 3, =4), B(l, =2, 3)and C(3, & -11)

Direction ratios of line joining A and B are
[1=2-2-33=(=4)] ie (=1, =57}

Direction ratios of line joining B and C are

(3-1,842 -11-3), ie (2, 10,-14).

MNow, ratios of DR's of AB and BC are

-1 =5 7 . 1 1 1

2’0o Ty T
Thus, the direction ratios of AB and BC are proportional.
So, AB is parallel to BC. But Bis common to both AB
and BC.

Hence, A, Band C are collinear points.
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TOPIC PRACTICE |

OBJECTIVE TYPE QUESTIONS

1 The coordinates of the foot of the
perpendicular drawn from the point (2,5, 7) on

the X-axis are given by [NCERT Exemplar]
(a) (2,0,0) (b} (0,5, 0)
() (0,0,7) (d) (0,5,7)
2 Distance of the point (c, 5, ¥) from Y-axis is
[NCERT Exemplar]
(a) B (b) IB]
() IB1+ Iyl (d) e + 47
3 Ifthe direction cosines of a line are k, kand k,
then [NCERT Exemplar]
(a)k=0 (bjo<k<1
1 1
c)k=1 (djk=—or—-—
(e) ) Vel el

4 Aline makes the same angle # with each of the
X and Z-axes. If the angle f}, which it makes with
Y -axis, is such that sinz[j = 35in29, then cos’0
equals

2 3 2
@z (b) ()= @z

| =

5 The direction ratios of the line segment joining
P(xy, y1, ;) and Q(x, ¥, z,) are

@x —x, ¥ -V.251-2 bBu-xy-Nnz-3
(c) Both (a) and (b) (d) None of these

VERY SHORT ANSWER Type Questions

6 Find the distance of a point (2, 3, 4) from X-axis.
[Delhi 2010C]

7 Write the direction cosines of a line parallel to
Z-axis. |Foreign 2012]

8 Ifaline makes angles 90° 60° and 30° with the
positive direction of X, ¥ and Z-axes
respectively, then find its direction cosines.

9 If a line makes angles 90°, 60° and 8 with X, Y
and Z-axes respectively, where 0 is acute, then
find 0. [Delhi 2015]

10 If a line makes angles 90° and 60° respectively
with the positive directions of X and Y -axes,
find the angle which it makes with the positive
direction of Z-axis. [Delhi 2017]
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11 If a line makes anglesa, p and y with the positive
direction of coordinate axes, then write the value
ofsin? o + sin” p + sin’y. [Delhi 2015C]

12 Find the direction cosines of a line whose
direction ratios are 2, -6, 3.

13 fP=(154)and Q= (4, 1, =2), then find the
direction ratios of PQ.

14 Find the direction cosines of the line segment
joining the points A(7, = 5,9) and B (5,- 3,8).

15 Find the direction ratios of a line whose

direction cosines are l L l
2'2'2
SHORT ANSWER Type I Questions

16 Given that P(3,2,-4),0(5,4,-6) andR (9, 8, -10)
are collinear. Find the ratio in which Q divides PR.

17 If a line in the space makes angles o, and y

with the coordinate axes, then find the value of
cos 20, + cos2fi +cos 2y+ sin®a + sin®f+sin?y.

18 If a line makes angles o, § and y with the

coordinate axes, then prove that
cos2o +cos2f +cos2y = -1

HINTS & SOLUTIONS |

1. (a) Hint The coordinates of the foot of perpendicular
drawn from the point P{x, v, z)on the X-axis are (x, 0, 0).

2. (d) Required distance = J{EI - 'L'I]Iz +(p - [3)2 +(y - )

- ||uz +y?
3. (d) Since, direction cosines of a line are k, k and k.
e l=k,m=k and n=k
We know that PFam'+n =1

= k2+k2+k2=1=k2=%

k=1
3
4. (c) Clearly, c0529+c052|.'-+|:0529=1

= 2c0s°0 +1—sin’f=1= 2cos’0 —sin’f =0

= 2cos”0 — 35in°0 =0 ['.'51112[5 =35in’0 (given)]
2. 2
= tan“@ ==
3
cos’@ = v = L= E
1+ tan’0 1+E 5
3
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5. () The direction ratios of the line segment joining
P(x,, y,.z;) and (Nx,, y,,z,) may be taken as
Xy =Xy Yo~ Vo T2 5 0T Xy = Xp ¥y~ Voo Iy T I
Similar as Example 1. [Ans. 5 units]

7. As we know that two parallel lines have same set of

direction cosines. Therefore, required direction cosines
are the direction cosines of Z-axis, i.e. 0,0,1.

&5

8. Similar as Example 2. {Aﬂs 0, i —]
2

=

2
9. Given, o =%0°, p =60° andy = 0. Then,
cos?90° + cos?60° + cos?0 =1
[+ cos®oc 4+ cos® P+ cos®y =1]
N

1 3
= 0+—+cos’0=1 = cnszﬂ=4—=>cnsﬂ=iT
4

= cos0 =% = 0 =30° [+ is an acute angle]

10. Solve as Question 9. [Ans. 30°, 150°]
1. Since, the line makes angles o, f and y with positive

direction of coordinate axes, therefore cos o, cos [} and
cos Y are the direction cosines of the line.

So, we have cos ot + cos [} 4 cos®y =1
=1-sinc+1-sin’f+1-sin’y =1

[+sin® x + cos® x =1]
= 3-1=sin"a +sin’p +sin’y

Hence, sin® o +sin®f + sin®y = 2

|TOPIC 2|

Lines in Space

A line (or straight line) is a curve such that all the points on
the line segment joining any two points of it lies on it. A
line in space can be determined uniquely, if

(i) its direction and the coordinates of a point on it are
known.
(ii) it passes through two given points.
Equation of a Line through a Given
Point and Parallel to a Given Vector

VECTOR EQUATION 7

The vector equation of a line /
passing through a point A with

. -
position vector @ and parallel to a

. 2.2 = il
given vector b is r = a + A b, where
= . ..
¥ is the position vector of an

arbitrary point P on the line and A is a real number.

c=x

12.  Similar as Example 4. |:Am_ ?E - E]

7°7
13. Similar as Example 5. [Ans. 3, =4, =6]
22 =1
14. Similar as Example 5. [Ans. 3y —3]

15. As we know that any three numbers proportional to the
direction cosines are called the direction ratios.

So, infinite sets of direction ratios can be found, one of
them is1, ﬁ 1. [multiplying direction cosines by 2]
16. Let Q divides PR in the ratio k:1. Then, the coordinates of
9k +3 Bk+2 -10k-4
Q are : s
k+1 k41  k+1

But it is given that coordinates of Q are (5, 4, —6).
9k+3 __ 8k+2 s —10k -4 _
k+1 k41 k+1

On solving all these equations, we get k =1/2

So, Q divides PR in the ratio1: 2

17. cos 20 + cos 23 + cos 2y +sin”o +sin® i +sin’y

=(cos®cl —sin®a) + (cos*pp = sin® B) 4 (cos*y —sin® y)

+sin’a +sin®P +sin®y [ cos 20 = cos?0 —sin’0]
=cos’at +cu\52ﬂ+cns2]r =1
18. Hint Use cos 20 = 2cos?0 —1.

Now, solve as Question 17.

The vector equation of a straight line passing through the

origin and parallel to given vector bis

F=Ab
Note
(i) If bma'i +b'f +c'§. then a" , b" and ¢” are direction ratios of
the line and conversely, if 8°, b* and ¢* are direction ratios of a
line, then B ma’ i +b" j +&* k will be parallel to the fine.

(i) 1 7 = (aj + apf + agk)+ A (b + byj + bgk), then coordinates
of any point on the line are given by considering
T=xi+ y_}? +zkand comparing the coefficient of i, ; and k,
i.e. first wrile
Xi+y]+2zk =(a,i +a,f+ask)+Aipyi+by]+byk

=(3 + Aby)i + (8, + Ab,) [ + (a5 + Abg)k

=  X=a;+ Aby yo=a; + Aby and z=a3 + Aby
Then, (x=a, + A by, y=a; + A by, 2= 85 + A by) represent the
coordinates of any point on the line.
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CARTESIAN EQUATION

The cartesian equation of a line passing through a point
A(x,, y,,z,) and having direction ratios a6 and ¢ is

X =J"_J"1 -

a b c

z—

where, (x, y,z) are coordinates of any point on the line.
If £ m and n are the direction cosines of the line, then

equation of the line is

{x_xl J~hNh _

z_zl

{ n n

The cartesian equation of a line passing through origin and
having direction ratios (a, b, ¢) is P i.

a b ¢
Method to Convert Vector Equation of Line in

Cartesian Form Suppose vector equation of line
— -3 - R .. .
r=at+ i b is given, then to convert it into cartesian

form. First, put the values of . E and

F=xi+ yj + zk. Then, compare the coefficients of 7, j

and k from both sides, to get required equation in
cartesian form.

Note To find the coordinates of any point on the line, consider

X=X _¥Y-h_2-
a b o

= X=ak+ ¥, y=bkh+ yand z=ch + z. Then,

(x=x +ah y=y + bi 2=z +ch)rrepresent the coordinates of

ary point on the line.

4 =4, where A is some real number

EXAMPLE |1]| Find the vector and the cartesian
equations of the line passing through the point (5, 2, - 4)
and which is parallel to the vector 5i + ] — 7k.
Sol. Given point is (5, 2-4), whose position vector will be
a=5i + 2j - 4k and parallel vector is b=5+ j- 7k
The required vector equation of line is
T =5 + 2] —4k + ASi + j ~7Kk)
For cartesian equation, write
T =(5+5K)i +(2+A)]j - (4 + 70k
= (xi 4+ Y +2k)=(5+50)i +(2+A)j - (4 +TA)k
On comparing the coefficients of i ; and k, we get
x=545Ay=2+Aandz==(4 +74)

-5 - +4
X3 oh X220 ana 2
5 1 =7
x—5=y-2=z+4=)\
5 1 =7
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c=x

Thus, the required cartesian equation of the given line is
x=5_y=2_=z+4
5 1 -7

Alternate Method

As the given line is parallel to the vector 5 i+ ; - 7£,

therefore direction ratios of the given line are 5, 1, — 7.
Now, the equation of line passing through the point
(5,2, —4) and having direction ratios 5, 1, — 7 is
x=5 _ y—-2 z+4
5 1 -7

Note In rectangular coordinate system as X, ¥ and Z-axes passes
thraugh the origin, therefore

¥-0_y-0_2z-0
o0 o
[ direction cosines of X-axis are (1, 0, 0)]
= y=0andz=0
Equation of Y-axisis X290 -Y=0_2-0 ., _gandz=0
] 1 a
and equation of Z-axis is ’[;D= 5";0= z_0

Equation of X-axis is

=x=0andy=0

EXAMPLE |2| Find the vector and cartesian
equations of the line through the point (1, 2, — 4) and
perpendicular to the two lines

T =(8 —19] +10k) + A3 - 16] + 7k) and

—

r :(le +29} +5§)+u(3f +8}-5.l¢}. [Delhi 2016]
Sol Given equations of lines are
7 =(8i —19] +10k) + A(3i =16} +7H)
and £ =(15i 4+ 207 + 5K) + (3] + 8} - 5K)
On comparing with
7=E;+kl_>:and?=a_;+ul;;,weget
b, =3i -=16j +7k and b, =3i +8] -5k

Now, we determine

i j k
- - —
b=b xb,=|3 =16 7
3 8 =5

= i(80 = 56) — j(= 15— 21) + k(24 +48)

=247 +36] + 72k =12(2i + 3] + 6k)
Since, the required line is perpendicular to the given
lines. So, it is parallel to l_;: x l;; Now, equation of a line
passing through the point (1, 2, = 4) and parallel
to24 i +36] + 72k or(2i +3] + 6k)is

T=(i+2]-ak)+ A2] +3] +6k)

which is required vector equation of the line.
For cartesian equation, put re=xi+ y} + zl;, we get

Xi+yi+zk=(1+20)i+(2+30)]+ (-4 +60)k
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On comparing the coefficients of ;, }and E, we get
x=1+20 y=2+3handz==4 +6A

=1 -2 +4
I i jamdI—=i
2 3
x=1_y=2_z+4
2 3 6

which is the required cartesian equation of the line.

Equation of a Line Passing
through Two Given Points
VECTOR EQUATION

The vector equation of a line passing through two points A

. .. — L.
and B with position vectors a and b is given by

r=a+h(b-a)

= - . .
where, r is the position vector of any point P on the line
and A is some real number.

CARTESIAN EQUATION

The equation of a line passmg through two points

Alxy, ;. 2,) and B(x,, y;,2,) is given by

X=X _z—z

- Y~ hn
Xa—Xp  Ya— 1 Ep78

where, (¥, y,z) are coordinates of any point on the line.

EXAMPLE |3]| If y-coordinate of a point P on the join

Method to Convert Cartesian Equation of a Line in
Vector Form First, compare the given equation with
X=x; Y- _z-2

a b o«

to get (x;,y,,2,) and a,b,¢,

then put these values in 7 =(x;7 + y,j+2.k)

+l{af + :5} + ri:} and get the required vector equation.

EXAMPLE |4| Find the cartesian and vector equation
for the line passing through the points A(-1,1,2) and
B(2, 4, 5).
Sol Given points are A (x,, y,. 7, ) =(=1,1, 2)
and Bixs, v2,22)=1(24,5)
We know that the cartesian equation of a line passing
through two points is

X-x YW _I-%4
Xp=Xy Ya= N 7%
I—(—l]_y—l_z-z
2-(-1) 4-1 5-2
. x+1_y=-1_ z=2
3 3 3
+1 -1 -2
or x = == A1)
1 1 1

which is the required cartesian equation of the given line.
To find the vector equation of line, compare Eq. (i) with
X=X, _¥y-¥ _I-F
= = , we get
a b c

x,==1,y=Lz;=2and a=1b=1c=1
Now, the required vector equation is given by
T= {xl;+y1}+z|£}+.?u.(a;+b_}?+ r.‘;]
T -—r+;+2k+}.(! +_}+k)

Ang]e between Two Lines

Let L, and L, be two lines and 8 be the acute angle berween
them.

of (1, 1, 3)and R(2, - 3, 5)is— 4, then find its z-coordinate. z
Sol. Equation of a line joining  and R is 2 Ly
x=1_y=1 _ =z=3 2 L,
2-1 =3-1 5-3 . B F v
— x—-1_y-1_ z—13 ) -\r‘/o
1 -4 2 X
Since, P{x, — 4, z) lies on the line, therefore VECTOR FORM
x=1 =4 =1 =13 - _— -
- —a 2 Let the vector equations of lines L, and L, be r=a,+Ab,
Considering last two terms, we get and 7 = :,_ +L 3)3 , then angle between these two lines is
z-3 -5 5 5 iven b
= =22 5 -3=2 given by
2 -4 4 2 3’1_ g’z
= z=3+ E= 11 e
2 2 |61]] &2
. . .11
Hence, the required z-coordinate is — where, A and p are scalars.
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—
If two lines are perpendicular, then b,- b, =0

and if two lines are parallel, then 5: = ;‘LE;.

CARTESIAN FORM

Let the cartesian equations of lines £, and I, be

rox _ Y h_E0x
iy by o
X—Xy Y~ V2 &8,
and = = .
dy b, a2

Then, angle berween the lines L, and L, is given by

|aya; +bby + 40,

cosB =
Ja + b2+l Jal+bF+c2

The angle between the lines in terms of sin @ is given by

(a,by — ayb))* + (byey — bye))”

+(ea, —.‘.‘Zdl}z

sin B =
pl 7
-J;111+.612+f]1\f.1§+.65 +e3

where, a;, b,,¢, and a5, b,, ¢, are direction ratios of lines
L, and L,, respectively.
Iff,, my,n, and l,,m,, n, are direction cosines of lines [,
and Z,, then angle berween the lines is given by

cosB =L, +mymy +nn,|

['.‘f12+m|:+n]1=1=121+m:1+n§]

and €in@ = (4, —fzmljz + (my5 — mlrx,)z
+(ml, - nzfl):

If two lines are perpendicular, then 4,4, + b6, + ;05 =0
b«
and if two lines are parallel, then g1
ay by oy

Note There are always two angles 8 and m — 6 between two lines.
EXAMPLE |5]| Find the angle between the lines
(i) 7 =2i =5] +k+A(3i +2] +6k)
and 7 =7i - 6k +u(i +2j +2K).
[Foreign 2014]

i) X=¥=Z gpg¥=3_¥=2_2-3
2 2 1 - 1 &8
- ~ - - " - A a
Sol. (i) Givenlinesare r = 2i =5 + k + A(3i + 2j +6k)
and 7 =70 — 6k + p(i + 2j + 2Kk)
-+ = — - -
On comparing with r =a, + Aband r =a, +p b,

— - - ~ — - - ~
wegeth =% + 2j+6kandb, =i + 2j + 2k

c=x

*. The angle between the lines is given by

- —3 A - - - A -~
m59=| b-b, =|(3i+2_j+ﬁk]-l[:'+2j+ﬂr]|
||£TL}||E;|| |J32+22+6zv’12+22+22|

| 3+asz | w0
Corarzeivaral Jaoio

_19 19

T=x3 21

= 0= cos_l[E]
21
z

(ii) Given equations of lines ME% = % = T

and I—Szy-zzz—ﬁ-

4 1 8
Here, direction ratios of two lines are (2, 2, 1) and
(4,1, 8).

Let® be the acute angle between the given lines, then
laya; + bb; + ¢y |
Va2 + B2 +c2jal + b 4
[2x44+2x1+1x8|
,sz +2° + 121;’42 +1° +8
|8+ 2+8|
S J1ras1 fler14ea

cosf =

= cosf =

18 18 2

Vo1 3x9 3

= 0=cos™" [E]
3

EXAMPLE |6| Find the angle between the lines with

direction ratios proportional to 4, —3, 5 and 3, 4, 5,
respectively.
Sol Let® be the acute angle between the given lines.
Here, @ =4.b, ==3,¢, =5 anda, =3.b, =4,c, =5

a,a, +b b, +c,c
- cos @ = la,a, +bb, +0,c,]

a4 b2 4l Ja b2 4l
[4x3+(=3)=x4+5x5|

cosB =
V2 +(=3) 457 32 147 457

_ [12 =12 + 25|
JI649+25,J9+16+ 25
25 25 1

S VsoAse 50 2

= cos B = cos [;]

= I]=E
3
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EXAMPLE |7| Find the angle between the lines whose
direction cosines are given by the equations
A +m+5n=0,6mn—-2nl +5Im=0. [NCERT Exemplar]
Sol. The given equations are
A4+m+5n=0 Q)
and 6mn—2nl +5lm=10 ... (i)
Now, from Eq. (i), we get m = =3[ =5n _.(1ii)
On substituting m = = 3] = 5nin Eq. (ii), we get
6(=3=5n)n=2nl+51(-3] =5n)=0
30n" + 45 +15° =0 = 20" +3n+ F =0
2+ 2ml+nl+ P =0
2n(n+1)+1(n+ D=0
(n+(2n+1)=0
Either | = = porl == 2n

=
=
=
=

[using Eq. (iii)]
[using Eq. (iii)]
Thus, the direction ratios of two lines are proportional to
{(=n,=2n,n) and(-2n,n,n)ie (=1, -2, 1)and

(= 2, 1,1), respectively.

Ifl=-nthenm=-2n
andifl = = 2n, thenm = n.

Now, let © be the acute angle between the lines, then
laya, + bb, + c,c,|
af+b12+c12 q{a§+b§+czz
|2 =2 +1]
S ita+ier4

= 0=cos™ (l]
[

Point of Intersection of Lines

cos @ =

1
[}

To check whether the two given lines intersect or not and to
find point of intersection (if intersect) we follow the

following procedure
YECTOR FORM

Let the two lines be
F=(ay +ay)+ask)+ by +byj+ k) ()
and 7 =(a]i+a)+alk)r bl i+b5]+bk) ..i)

If Eqs. (i) and (ii) intersect, then they have a common
point.

So, we have (ala?+ a1}+ 33£)+ A lfé:l:?+:52}+ EJ_,_E)
=(afi+a)+alk)+ (b i +b5)+blk)

= (ay+hb)i+(ay+Aby) j+(ay+hby)k
=(al+Wb)i +(ay+nb]) j+(al+ub))k

Soaythbi=al b a,+hb, =al by

and a; + Aby = a5+ by

c=x

Now, find the value of A and u by solving any two of above
equations. If the values of A and 1 satisfy the third equation,
then the two lines intersect, otherwise nor. If intersect, then
the point of intersection can be obrain by substituting the

value of A (or ) in Eq. (i) [or Eq. (ii)].
EXAMPLE |8| Show that lines
T=(+]-k)+ 3 - J)and T = (4 —k)+p (2 +3k)

intersect each other. Find their point of intersection.
[Delhi 2014]

"_;7' First, determine the values of 4 and u by eguating T of
both the lines and then find 7 by using the value of &

oru.
Sol. Givenlinesare r ={; - ; - E} + 0 (3 - }] LA1)
and T o=(4 - k) +u (2 +3k) (i)

Clearly, these lines will intersect, if { ;+j - i} + A (3; - ;}
= (4: - f;] + 1 (2: - BE} for some particular values of A
andpl.
Collecting the like terms, we get
(1430) 4+ (1= A)j —k=(4 +20)i + (=1 + 3u)k

On equating the coefficients of i, we get

143A=4420 = 33..—2|;l=3
On equating the coefficients of j, we get

I-A=0= A=1
On equating the coefficients OFE, we get

=l==143 = p=0
pw=0and A =1

Also, these values satisty 34 — 2u = 3, therefore the given

lines intersect.

On putting A =1in Eq. (i), we get
T=(i+j-k)+130 - )=4i +0j -k

Hence, the point of intersection of given lines is(4, 0, =1).

CARTESIAN FORM

Let two lines be L, :x—xl =2"h _27%5 = A (say)
&y by €
and Ll:x—xz L) _ETE = (say)
a, b, 3

Consider the coordinates of general points on L; and
Ly e (e, +ah, yy +bA, 2z, +c,1) L)
and  (x;+a; W, ya+ b Uz, +05 1) (i)

where, A and [ are some real constants. If the lines L, and
L, intersect, then they have a common point.

(xy+ah, yy +6 bz +e1h)
=(x,+a, W, y, b, z,+ e, 1)
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for some constants A and LL.

= Xt ah=x,+ a5,
N+bh=y,+b1
and Zytoh=z,+c,1

Now, find the value of A and . by solving any two of above
equations. If the values of & and [ satisfy the third equation,
then the two lines intersect, otherwise not. If intersect, then
the point of intersection can be obrain by substituting the

value of Afor u) in Eq. (i) [or Eq. (i1)].

EXAMPLE |9] Show that the UnesxTH=yT+3
_z+5 x—2 y-—4 z-

and b intersect. Also, find

7 1 3

their point of intersection. |Delhi 2020]
Sol The given lines are
x+1 y+3 z+45 .
= = = A(let

3 . ; (let) (i)
and X=2_Y=4_276_, e )

1 3 5

Then, any point on line (i) is

P(3A=15L =374 =5) ...(iii)

and any point on line (ii) is
O+ 23u+4,50+6) A1v)

Clearly, the lines (1) and (ii) will intersect, if

(3 —L5A -3 TA—5)=(u+2 3 +4, 50 +6).
for some particular value of A and p.
=3 =1=p+25L=-3=3U+4 and TR =5=5u+6

= h-n=3, )
Sh=3u=T7 vi)
and Th=50=11 L Aviid)

On multiplying Eq. (v) by 3 and then subtracting Eq. (vi)
from it, we get
9h =3u =5k 4+3u=9=7

= A=2= A=

v | =

On putting the value of A in Eq. (v

T

, we get
1 3 3
J—=-u=3=——-u=3 = u=-—-
2 " 2 . " 2
On putting the values of A and @ in Eq. (vii), we get
1 3 7 15
TR—=5]=—|=11 =2—+—=11 = —=I11
2 2 2 2

=» 11 =11, which is true.
Hence, lines (i) and (ii) intersect and their point of
intersection is

1 1 1 . 1. . .
Plix==15%x==3Tx==5 urring A = —in Eq.(iii)
{ 2 2 2 ][P nehmg ]

EXAMPLE |10| Find the equations of the two lines
passing through the origin which intersect the line

Xx -3 -3 =z T
=¥ Iat angles of ;each.

2 1 [NCERT Exemplar]
Sol. Given equation of the line is
x-3_y-3_ Z = i (say)
2 1 1
= x=2h+3y=A+3andz=4A 1)
¥ Q
0 (3, 0, 0)
X« X
Z PPN,

(Zh+3, 0+34)

Since, direction ratios of the given line are (2, 1, 1)
and the required lines make angle I with the given line.
3

aydy + bk, + ¢y,

b
cns;=
2 2 2 2 2 2
Jﬂl + by +E‘1Jﬂz + by +c;

T A28 +3)+1-(A+3)41-A

cos — =
32220 3 (43 + A2

[ direction ratios of OF are (2A + 3),(A + 3)and A]

1 6h 49

= —_—
2 oA £ 94120 + A 49 46 + A
Jo 6l +9

-, Yo _

2 J6r% £18% +18
= 6yJ(A% +3A +3) = 2(6A +9)

= 64J(A7 +3h +3) = 6(2 +3)

= (A" +3h+3)=(4A7 +9+12R)
[squaring on both sides]
= 3 +9h+6=0

= AP+3h+2=0
= (A+1{rA+2)=0
A=-1,-2

So, the direction ratios of required lines are (1, 2, =1)
and (=1, 1,=2). [putting A = =1, = 2in DR's of OF]

Since, the required lines passes through origin.

. The equations of required lines are §=%= -il and
X=Xz
=1 1 =2
m @ www.studentbro.in
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SHORTEST DISTANCE
BETWEEN TWO LINES

Two lines in space will be one of the following forms
(ii) Parallel

(iii) Neither parallel nor intersecting

(i) Intersecting

If two lines in space intersect at a point, then the shortest
distance berween them is zero. If two lines in space are
parallel, then the shortest distance berween them will be
the perpendicular  distance, i.e. the length of the
perpendicular drawn from a point on one line onto the
other line.

z
-~ |G E
D\

£
™ L
o™\ .
T
LA BNy,

If two lines are neither intersecting nor parallel, then such
pair of lines are non-coplanar and are called skew-lines. In
the given figure, line GE (lie in ceiling DEFG) and BD

(lie in wall ABED) are skew-lines, since they are not parallel

and also never meet.

Note Two lines lying in the same plane are called coplanar lines.
Coplanar lines are either parallel or intersecting.

Shortest Distance between
Two Skew-Lines

For skew-lines, the line of the shortest distance will be
perpendicular to both the lines and it is unique also.

In figure, the shortest distance (SD) between two skew-lines

L, and L, is the length of the line segment PQ .

T g
Ly
L
S P :
VECTOR FORM
Let the equations of I, and L, be
- = — - o —
r=ay+Al and r=a,+ b,

Then, shortest distance P(Q berween these two skew-lines is

(ar—a,)- (b, % b2)

SD =

by x b

c=x

Condition for Two Given Lines to be Intersect The given
— = -3 - -3 -
lines r =a,+A & and r=a,+WUb, intersect, if the
shortest distance between them is zero.
- o o
(23— ay)- (b % by)

ie. - =0
—
| &, % b,

= [@-ap-Gixby=0 |

Method to Find the Shortest Distance Let two lines be

[y - 3 = .
r=a,+b & and r =a,+ b,n, which are the standard
equations of lines.

Then, for finding the shortest distance between the two
lines, use the following steps

I. First, check whether the given equations are in
standard form or not. If they are not in standard
form, then write them in standard form.

II. Find .;:, a_;, E and .6_; by comparing with standard

form, say
. -+ ” N r % * i P IA '.Al r r
Le.ay=aji+asjtazk, by=bli +bij+bk
— - - P - - -
anda,=alt +aj j+a; kb, =b"t + b j+bk.
TETE O TTETTrTTTT T rTTTT Tt T T LTy TTTTTRD T ottt

byxby=| b b5 b
é]u éi! 63»

=i (bby — bJbY) — j(blby — bib!")
+k(bbY— b6

- = - =
IV. Determine the value of @, —a, and |&; x b,].

V. Now, put the values obtained in steps III and IV in
shortest distance formula
= =2 = =

(a,—a)-(b, xby)
iLe. SD=

|6, x by

and simplify it to get the required shortest distance.

EXAMPLE |11| Find the shortest distance between the
lines 7 = (t + )i +(2—1t)] +(1+t)3k

and T=(@s+2)i —(1-5)j +(25-13k.  [Delhi2016C]
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Sol Given lines are
F=(t+1)i +(2- )] +(1+ Bk
and 7 =(2s+ 2)i —(1-5)j + (25 —1)3k

Clearly, the given equations are not in standard form. Let
us write these equations in standard form, i.e.

F=(i+ 2] +3k)+ (i - j+3k) ()
F=(2i - = 3k) +s(2i + ] +6k) ..(i)
On comparing Eqs. (i) and (i) with 7 = @ +AB
- = .zt
and r =a, + Ab,, we get
Let E’l=:?+ 2}+3£, ?L=E-}+3i2,
E}z=2;—}—3.$and ?2=2;+}+6£.

Then, d2 — @1 =i -3j -

-

Weknuwthalglxl_:r}z= =1 =-9;+3.E

1

B b= =y E\‘)

= ]

- - — —
..Shortest distance = (b1 X b2)-(a2 = d1)

— —
|r5|>(bzl

—9-18|_ 27 _ 910

:;El +9 3-_4,1-0' 10

EXAMPLE |12| Find the shortest distance between the
lines r = (1+ A} +(2—3A)] + (3 + 2A)k

and r ={4f +5}+ﬁf}+p{2f +3j +£).

[NCERT]
Sol Given lines are
—+ - - -
r=(14+A) +(2-30)7 +(3+ 2)k i)
—* - "~ A -~ - )
and 7 =(47+5)+6k)+ (2 +3] +k) ..{ii)

Clearly, first equation is not in standard form. Let us write
first equation of line in standard form, i.e.

- A a A - - A
r=(i+ 2] +3k) + A =37 + 26) ..(iii)
On comparing Egs. (iii) and (ii) with ¥ =a, + Ak, and

= a, + Ab, respectively, we get
—

Ef=1?+2}'+3£, b,=§—3}+&ﬁ
- - —* - - ~
and @ =4i +5j+6k b, =21 +3j+k

-

i
Pk
Clearly, b xb, =[1 =3 2
2 31

=i(=3—-6) = j(1 —4) + k(3 +6)
==9; +3j+9%

- = - - -
- b, % by| = |9 + 3] + 9k| =1.f{-!-‘r)2 +(3 +(9)°
=81+ 9+81 =171 =319
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c=x

Now, @) —a =(4i +5] +6k) = (i + 2] +3k)
=31 +3] +3k
e e
[(a; —a,)-(by xbs )|
N —
| By % by
[(31 +3] +3k) - (=91 + 3] + 9k)|
319
2z 40+27] 9

3 |
L = = = t
319 Wi s

which is the required shortest distance.
CARTESIAN FORM

Let L, and L, be two skew-lines with equations

Required SD=

L_x_xl _¥Y—n_£275
1} = b =
iy 1 €y
and Lzz’f—xz=)'_}'2=z_z:
iy by €z

Then, the shortest distance berween these lines is
1

Xp—Xy Ya— N
a

Ly T2y

1 1 €y

iy by Ca

V{(blfz — by, )+ (c;a; — rzal}z +(a, by — a:él)l

A v

Condition for I'wo Given Lines to be Intersect Let the two
lines be
X=X _ Y~ _z—2

L'I.: = =

i) by €

X—x, VY=V z—z
and Ly: L= = 2
dy b, L]
The lines I, and I, will intersect, if the shortest distance
between them is zero

2T% Y2m ) ETE

Note If direction cosines of the lines are given, ie. (i my, ny) and

{15, my, 0y ), then replace (a,, b, c,) by (,, m, n} and (a,, b,,c,) by
(5. 1y, 1, ) in the above formula to find shortest distance.

Method to Find the Shortest Distance Suppose two lines
XM _JYTh _ET5H and ¥X~X2 YY" V2 _E 22

iy by € iy by €2

are given to us, then for finding the shortest distance
berween these lines, use the following steps
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I. First, check whether the given equations are in
standard form or not. If they are not in standard
form, then write them in standard form.

II. Find x, y;, 23 X3, Y3, 253 @y, 8y, 07 and a5, 65,04
by comparing the given equations with standard
equation of lines.

I1I. Compute the value of the determinant

Y= n

ay by L3

dy by €3

X2 T X Zy %

by expanding along R, or C,.
IV. Compute the value of
J(fslr: —bye) ) Heyay —cqa))t +(ayby — ayb)’

V. Put the values obrained in steps Il and IV in shortest
distance formula, i.e.

XX Yam N E2TEH
i) b, o

D= a, b, c,

(bye5 —61:'1]: +(cqa;— rzal)z
+(ayby —ayb)*

and simplify it to get required shortest distance.

EXAMPLE |13| Find the shortest distance between the
Jl-x_2-y_z-3_ . x-2_y-4_z-5

line
-2 =3 4 3 4 5
. . l-x 2-y z-3
Sol Givenlinesare — =-_< =
-2 -3 4
and x; 2 = Pl = 5, which are not in standard form.
4

Given equations of lines can be written in standard form
as

x=2 y=4 z-=5
2 3 1 3 4 5

On comparing the given equations of lines with

r=xn _¥Y=n._ ‘-’fz=}"'_‘r’z=z'zz‘

ay b, € a3 b, €2

=1z x
Land

wepet x, =Ly, =2z =%a =2b =3¢, =4

and x;=2y,=4z,=%a;=3b,=4,¢c;=5

X=X Y= I27T
On putting these values in a by [
az by €2
2-1 4-2 5-3 1 2 2
we get| 2 3 4 |=|2 3 4
3 El 5 3 4 5

=115-16) - 210 —12) + A8 —9)=—-1+4 - 2=1
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c=x

Now, J{blrz - b?t'l]lz + (cpa; = caay )2 +{a by = asb, )2

=J(3x5-4 xa) +(4x3=5x2)" +(2xd=3x3)°

= (15— 16) + (12— 10)? + (8 — 9)*

=Jc1P +@F + (-1 = 1+a+1=16

X=X V=¥ L%
O by €

@z b, Ca

J(f’lﬁ'z = E“zft:'? +(cya; = o ]'2 +(ayb; = azhy )

2

SDh=

1 . S . .
= Tunlts, which is the required shortest distance.
6

Distance between Parallel Lines

If two lines L and L, are parallel, then they are coplanar.

@) o
— y L
S@) P

The shortest distance TP between parallel lines

- -3 _’-
L]:?}=E;+A.6 and LZ:?=a—;+u£; is

Note To find the distance between two lines, first check whether they
are parallel or not.

EXAMPLE |14| Find the distance between the lines
L, and L, given by ¥ =1 +2] - 4k + A(2f +3] +6k) and
T =3 +3] -5k + (4 +6] +12k). [Foreign 2014]
Sol. Given lines are
LT =(i +2]-4k)+ A2 +3] +6k)
and L,: 7 =(37 +3]-5k) + (i + 6] +12k)
or L,:7 =(3i +3j-5k)+ 2 (2 +3] +6k)
=(3?+ 3} - 5.";]+ u'{z; +3} + EJ;)
On comparing the given equations of lines with
-+ 3 = - - = . . o
r=ag+Aiband r =a,+p" b, wegeta =i+2j-4k,
o =31 +3}-5% and b = 21 43 + 6k
Now, @, —a =(3 +3]-5k)-(i + 2j-ak) = 2 + j-k

o

.
and bx(a,-a, )=

B B =y
L s
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=(-3-6)i —(-2-12)] +(2-6)k

=—90f +14} -4k

5 x(a-a)

‘ 15|

9 +(14) +(-4)°
V(2P +(3) +(6)

_ Y81+19+16 _ 4293
V149436 JE

V293

= ——— units

|9 +14j-4k|

Required distance, d = —
12 + 3] + k|

Perpendicular Distance of a

Line from a Given Point

VECTOR FORM

To determine the perpendicular distance from a given point

— - = =
P(a) to a given line » = a +A b we follow the following

procedure

=3

Let L be the foot of perpendicular drawn from the point

P(a) on the given line and the position vector of L be

- -
a+ib.
P(o)
A ((F+2D) B
= = =
r=a+ib
—s = =5 = =93 = -
Then, PL =a+A b —-od=a—-o+Ab

— -
Since, PL is perpendicular to the line which is parallel to &.

Therefore, E-F=ﬂ
- = 3
= (a-o+ib)-b=0
- = ;
- =3 = . Y.
= (a—-a)-b+Ar(b-b)=0 :;.}L=_&

_—y
151
- —
On substituting the wvalue of A in 2+A b and

— 9 o - . .
PL =a —o+A b, we obtain the position vector of [ and

vector PL. The magnitude of PL gives the length of
perpendicular.

c=x

CARTESIAN FORM

To determine the perpendicular distance from a given point
Plo, B, y) to a given line

x=x, y—y, z—-z, .
= = =A
a b c (say)

we follow the following procedure

Let I be the foot of the perpendicular drawn from P(o, B, ¥)
on the given line and the coordinate of L be
(x, +ah, y; +bh, 2, + ch).

Plo B. 1)

(g +ak, yy+bi, 2, +ch)
B

=%y ¥-=y, Z-Zl
a b

Then, direction ratio of AB are proportional to a4, b, ¢ and
direction ratio of PL are proportional to

(¢ +ah—a, y,+b6h—B, z,+ch—7). Since, PL is
perpendicular to AB, therefore

(x,+ ah—o)a+ (y,+ bA — B+ (z,+ch — ) =0.

After simplifying, we get

_lalo—x)+ 6B — y) +ely —2,)]
a2+ b+t

A

On putting the value of A in (x| +ak, y, + bA, z; +cA), we
obtain coordinates of L. Now, we can find the length of PL
using distance formula.

EXAMPLE |15| Find the coordinates of foot of
perpendicular drawn from the point (0, 2, 3) on the line
x+3 _y-1 z+4

Also, find the length of
5 2 3
perpendicular.
Sol. Given equation of the line is xt3_ }PT_I =2 ; 4
Let x+3=}r-1=z+4=l(m}r)
5 2 3
bt P dul YU PR 5.4 DY
5 2
P02 3)
A L B
x+3_y-1_ 244
52 3
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= x=5i=-3 y=2A+landz =34 -4
. Coordinates of point L are(5A =3, 2A +1, 34 - 4)
Now, DR's of line PL
=(5A=3-0,2L4+1=2 30 -4-3)
=(5A=32AL=13L=7)
DR's of line AB are 5, 2, 3.
FL 1 AB
aya, + bbb, +c,c, =0 A1)
where, @) =54 =3 b =24 -1,
¢, =3h-7anda, =5b, =2¢,=3
From Eq. (i) we get
= 5-(5A =3)+ 2-(2L =1)+3-(3A =T)=0
= 25A =1544A = 24904 =21=0
= 38A=38=0 = 384 =38 = A =1
.. Foot of perpendicular .
=(5A -3 2h+1 34 -4)=(23 -1) [putd=1]
Also, length of perpendicular,

PL =Distance between points Pand L

=J0-27 +(2-3) +(3+1)

[ disrance =J(x2 -x Py =0 ) +z -7 )]

=1'||4+1+16=Jaunil5

EXAMPLE |16| Find the coordinates of the foot of
perpendicular drawn from a point A(L8, 4) to the line

joining the points B(0, - 1, 3) and C(2, - 3, - 1).
[All India 2017C]
Sol. Let D be the foot of perpendicular drawn from A to the

line BC. Aw (184

|8 b c,

(0,-1,3) (2,-3,-1)

Now, equation of line passing through Band C is

x _y+l1_z-3

2 -2 -4
o x_y+l_z-3

1 -1 -2
Nnugle[{:L“:ﬁzl

1 -1 =2

= x=A y=-h-landz==2A+3
So, coordinates of D are (A, = A =1, = 24 + 3) for some
value of A

c=x

Now, direction ratios of line AD are
< h-1-A-9-2A-1>
As AD 1 BC
5
HA-1)-1{-A-9)-2A-2A-1)=0 = A = 3

Thus, the coordinates of [} is —E. E, 19 |
33 3
Hence, the coordinates of foot of perpendicular drawn
5219
from A to line joining B and C are (_5 3 ?}

EXAMPLE |17| Vertices B and C of AABC lie along the
x;—Ez y;lzz;l}_ Find the area of the triangle
given that A has coordinates (1, — 1, 2)and line segment BC
has length 5 units.

Sol. Let h be the height of AABC. Then, h is the length of

line

perpendicular  from  A(L-=12) to the line
x+2 y=1_2z-0
2 1 4

+2 =1 =0
Clearly, line x . =¥=_z
1

point say FP(-210) and parallel to the wector
o

passes through the

b=2f+}+4£

2
Lt T2 Y
2 1 4

(2h =2 A +1,44).

y=1 z-0

= A. Then, coordinates of M are

Now, DR's of AM are 2. =3, A + 2and4A - 2
Since, AM L BC, therefore
H2A =3)+ 1A+ 2)+4(4h = 2)=0
[~ DR’s of line BC are 2, 1, 4]

= 21}.=12=>}.=%

Thus, the coordinate of M are (-—6 11. 16]

2 2 2
Now, h=|AM| = [-—6-1] +[£+1] +[E— ]
7 7 7

169 324 4 497 |11
: 7t 7

It is given that the length of BC is 5 units.

. Area of AABC =IE(BC>< h):%xEx %

ﬂlT?S .
= sq unifs
28
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TOPIC PR_ACT_[CE 2 | 8 Ifthe equation of line AB is S-x =27 2 =2 5,

1 -2 4
then write the direction ratios of the line
OBJECTIVE TYPE QUESTIONS parallel to above line AB. [Delhi 2011]
1 The eq_uation of straight line passing_ tl?rnugh 9 Find the cartesian equation of the line which
the point (g, b, c) and parallel to Z-axis is passes through the point (-2,4, —5) and is parallel
(a) X-a_y-b_z-c¢c to the line X*3 _4-y _z48
1 1 0 3 5 6 [Delhi 2013]
(b) Xx_a y-b z_¢ 10 Find the vector equation of the line which
0 i ) 1 passes thmugh the pmnt (3, 4, 5) and is parallel
(e) IIQ=%=% to the vector 2i +2_,i 3k. [Delhi 2019]
_y-b_z-c 11 Aline passes thrDugh the point with position
0 1 vector 2i - _,i + 4k and is in the direction of the
2 The equation of a line passing through the vectori + j - 2. Find the equation of the line in
Efént (=3, 2, —4) and equally inclined to the axes cartesian form. [All India 2019]
(a) x-3=y+2=2-4 b) x+3=y-2=z+4 12 Aline passes thrDugh the point with position
© X+ 3_y-2_z+4 (d) None of these vector 2i - 3_,! + 4k and makes angles 60°, 120°
1 2 3 and 45° with X, ¥ and Z-axes, respectively. Find
3 Thetwolinesx=ay+b, z=cy +d and the equation of the line in the cartesian form.
x=a'y+b',z=c"y+d are perpendicular to [Delhi 2016C]
each other, if [Delhizozo] SHORT ANSWER Type I Questions
(@l+i=1 )L+ =1 . , .
a o a ¢ 13 The vector equation of a line which passes
(c)aa’ +ec’=1 (d) aa” + ce’= -1 through the points (3,4, - 7) and (1, -1, 6} is ....... ;
4 The angle between the lines through the points [All India 2020]
(4,7,8), (2,3, 4) and (-1,-2,1), (1, 2, 5) is 14 Find the equation ofa lme in cartesian form,
(a) O ) which is parallel to 2: - j + 3k and which passes
. i through the point (5, -2, 4).
() 2 (d) r

15 The x-coordinate of a point on the line joining

5 metner 52152 Ao IR e
-1 y-4 z-5 . . . ) ) ) .
i = 2 = 2 are mutually perpendicular, if 16 Find the cartesian equation of line that passing
the value of k is (All India 2020] through the points (L =1, 3) and (3, 4, - 2).
(a) —% (b) § 17 Find the vector equation of line passing
(c) -2 (d) 2 through the points (L =1, 2) and (3, 2, 1).

18 Find the vector equation of the line passing

VERY SHORT ANSWER Type Questions through the point A(l 2-1) and parallel to the

6 Find the direction cosines of the line line 5x-25=14-Ty = 35z. [Delhi 2017)
d-x _y 1-z .
2 6§ 3. elhizoizcy SHORT ANSWER Type II Questions
7 The equation of a line are 19 Find the shortest distance between the lines
S5x-3=15y +7= 3 -10z. Write the direction r= (_._ﬁ _ }*}_,_ A (; + 2}- - 3k)
cosines of the line. [All India 2015]

and  r=(i-j+2k) +u(2i + 4 - 5k). (CBSE2018]
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The cartesian equations of a line is

6x=2=3y+1=2z-2 Find the direction cosines

of the line. Write down the cartesian and vector

equations of a line passing through the point

(2, -1 -1) which are parallel to the given line.
[Delhi 2013C]

Find the direction cosines of the line
x+2_2y-7_5-z
2 6
equation of the line through the point A(-L, 2, 3)
and parallel to the given line. [Delhi 2014]

Also, find the vector

Find the equation of a line passing through the
pmnt (L 2, —4) and perpendicular to two lines

r=(8 ;-19J+10k]+ }.(3:—16J+ Tk) and

-
r= (15!' +29j+5k] +},L{31' +8j -5}:). [All India 2015]

Aline passes through the point (2, -1 3) and is
perpendicular to the lines

F=(i+j-k)+1(2i -2]+k) and

r =(2i - j-3k) +u(i + 2] + 2k). Obtain its
equation in vector and cartesian forms.
[All India 2014]

Find the ang]e between the palr of lines given
byr =3i +2_j -4k +;‘..{l +2_;+2k}

and r =5.i-2j+u{3i +2j+6}z}.
Find the angle between the lines
=i+ jr'+ 251) and
r=27+p{(v3 -Di - (3 +1) j+4k).

Find the angle between the pair of lines

-—x+2_y-1_z+3 nd:+2=2y—8=z-5
-2 T -3 -1 4 4

and check whether the lines are parallel or

perpendicular. [Delhi 2011]

Find the angle between the lines

2x=3y=-zandbx=-y=-4z

Find the value of p so that the lines

1-x ?y 14 _z-3 nd7—7x=5—y=11— are
3 2p 1 3p 1 T

at right angles. [Delhi 2017C]

Show that the line through the points (1, -1, 2),
(3, 4, —2) is perpendicular to the line through the
points (0, 3, 2) and (3, 5, 6). [NCERT]

30

31

32

33

34

35

36

37

38

c=x

Find the vector and cartesian equations of the
line which is perpendicular to the lines with

equations —— X i =¥=2_Z% and
-1 _y-2_ =z-
2 3

(1,1, 1). Also, find the angle between the given

[All India 2020]

s and passes through the point

lines.

Find the vector and cartesian equation of a line
through the point (1, -1, 1) and perpendicular to
the lines joining the points (4, 3,2), (1, = 1, 0) and
(12-D,211.

Find the shortest distance between the lines
S5j+k+ A (30 +2]+6k)
and?=?€-6§+u{€+2}'+2§}.

- "
r=2 -
[All India 2015C]

Find the shortest distance between the lines
x-3 =y—5=z-?andx+1 y+1 z+l-
1 =2 1 7 -6 1
[Foreign 2014]

By computing shortest distance, determine
whether the following pair of lines intersect or
not r =(4i + 5j) + A (i +2j - 3k) and
?=(f-}'+2£}+u(2f+4}- 5K).
_y+1 1 z-1
2 5

do not intersect each other.

Show that the lmes —— and

x+42 _y-1_z+1

4 3 =2

Find the coordinates of the foot of
perpendicular drawn from the point (2, 3, - 8) to
4-x _y _1-z

the line = 3
6 3

[All India 2017C]

Find the foot of perpendicular from P(l, 2, - 3) to

% = i_l. Also, find the image

of P in the given line.

the line =X 1 =

[Delhi 2016C]

Find the coordinates of the foot of
perpendicular drawn from the point A (-1, 8, 4)
to the line joining the points B (0, -1, 3) and

C (2, -3,-1). Hence, find the image of the point A
in the line BC. [All India 2016]

@ www.studentbro.in



LONG ANSWER Type Questions

39 Find the vector and cartesian equations of a
line passing through (1, 2, - 4) and perpendicular
x-8 y+19 z-10
= = and
3 -16 7

to the two lines

x-15_y-29 _z-5
3 8 -5 [Delhi 2017]
x=-1_y-2_ z-3

-3 25 2
x-1 =2 -1 =i 6 are perpendicular, find the
3A 2 -5
value of . Hence find whether the lines are

intersecting or not. [All India 2019]

40 Ifthe lines and

41 Show that the lines XT_1= _}'_—11 z+1=0and

X ; 1 = ZTH y =0intersect each other. Also, find

their point of intersection.

42 Find the shortest distance between the lines
x-8= y+9=z-10 and x-15=y-29=z-5
3 -16 7 3 8 -5
Also, find the equations of the shortest distance.

43 Find the perpendicular distance of point (1, 0, 0)

from the line x-1 s 1 _E 10, Also, find the

===
coordinate of foot of perpendicular and
equation of perpendicular. [Delhi 2011]

| HINTS & SOLUTIONS |

1. (d) Hint Direction cosines of Z-axis are 0, 0, 1.

2. (b) Here, | = m = n, therefore required equation of line is
x+3 y=2 z+4

I I I
=x+3=y—2=z+4
3. (d) We have,

x=ay+bz=cy+dandx=a"y+ b, z=cy+d’
=I-b_y_z—d x=b _y_ z-d

= and ==

a 1 c a’ 1 c

v

Since, these lines are perpendicular.
. aa"+1+cc” =0
[ two lines are perpendicular, if a,a, + bb, 4 ¢,c, =0]
= aa’ +cc’ ==1
4. (a) DR’s of given line are =2, —4, —4 and 2, 4, 4.
Since, DR's are proportional, therefore given lines are
parallel to each other.

Hence, angle between them is zero.

Get More Learning Materials Here : & m

5. (a) We have,

x=2 y=3 4-z x=1 y—-4 z-5
11 k k 2 =2

x—2=y—3=z—4mdx_-1 y-4 ﬁ
1 1 -k k 2 -2

Since, the given lines are perpendicular.

s (k) + N 2) +(-k)(-2) =0

or

= k+2+2k=0
= k+2=0= k= -SE
4= 1-
6. Given equation of line is T=Y_""%
2 ] 3

: . x=4 y z=1

It can be rewritten in standard form as 5 === .
- {, -

Here, DR's of line are -2, 6, = 3.
2P +62+(=3) =1 +3649=+19=7

So, DC's of line are —E, E, —E.
77 7
7. Given equation of a line is
S5x=3=15y+7=3-10z ..[i)
To convert the equation in standard form
X=x V=¥ _z=3 ()
a b C
Let us divide Eq. (i) by LCM (coefficient of x, y and z).
ie. LCM (5, 15, 10) = 30
5x=3_15y+7 _3=10z

Now, Eq. (i) becomes

30 30 30
E(x—z] 15{}r+1] —lﬂ[z-i]
5 15 10
= - -
30 30 30
N 7
xX—-=- y+— z—-—
= 5_ 15 _ 10
6 2 -3

On comparing the above equation with Eq. (ii), we get
6, 2, = 3 are the direction ratios of the given line.
Now, the direction cosines of given line are
6 2 =3
V6 + 2 4 (=3 e+ (=3 &€+ 27 +(=3)
6 2 =3
ie. ;;T ['.‘1‘|36+4+9=J4_9=7]
8. Hint Given equation can be rewritten in standard form as
x=3 _ y+2_=z-=5
=1 =2 4

(i) Direction ratios of two parallel lines are proportional
(ii) Direction ratios of given line are =1, =2 4 .
[Ans. =1, =2, 4]

9. Since, the required line is parallel to the line

3 5 6

+3 =4 +8
or —x _—y = z

3 =5 [
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11

12,
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.. DR's of both lines are proportional to each other.
The required cartesian equation of the line passing
through the point (=2, 4, =5) having DR's (3, =5, 6) is
x+2 y=4 z+5

3 =5 s
Equation of a line passing through a point with position

— -
vector a and parallel to a vector b is
- = =¥
r=a+ihb
Since, line passes through (3, 4, 5)
—+ - - A
a=3 +4j+5k
Since, line is parallel to 2i + 2] = 3k
b=2i+2] -3k

= . . —* — —
Equation of lineis r = g + A b,
Le. r=(3 +4]+56)+ A (2 + 2 -3k),
which is the required vector equation.

The given line passes through the point A having position
— - - -
vector a =2i— j+4k and is parallel to the wvector
— - - -~
b=(i+j-2k)
. The equation of the given line is

- = — — A A - A & -
r=a+ib =r=(2-j+ak)+h(i+j-2k) ()

- - - ~
For cartesian equation, put r = xi 4+ yj 4 zk in Eq. (i), we

get
{ﬁ+y}+z§]={2;—}+4£)+}.(f+}—2.@]

=
= A4 ytzk=(240)i +(A=1)]j+(@-20)k
= x=2+A y=A=-landz=4 =23
— x-2=_v+1=z-4=j~

1 1 =2
Hence, x-2_y+1_z-4 is the required equation of

1 =2
the given line in cartesian form.

Hint DC's of required line are cos 60°, cos120° and cos 45°%;
1 -1 1
i.e. —, —, —— and a point on the line is (2, =3, 4).
227 2
-2 +3 =4
[Ans. o =272 Z
-2 2

1/2
ar21’-4=—2y—6=\"5{z—4]l]

Any line passing through the points a and b has vector
- - —=
equation r = a+ A(b- a).
.. Vector equation of the line passing through the points
- - A A —* ~ a -
a=3i+4j—Tkand b =i — j+6k is given by
- . . s a & a s s s
r=3i+4]-Tk+A[(i - j+6k)—(3i +4] -7K)]

—3 - - A -~ ~ -
= r =3 +4]-Tk+ A=2i - 5] +13k)

14.

16.

17.

18.

19.

c=x

=5 +2 -4
Similar as Example 1. [Ans. z 5 =2 =z 7 }
=1

. Similar as Example 3. [Ans. z = =1]

=1 1 =3
Similar as Example 4. |:An&. IT - % == - ]

=
Hint Let @ and b are the position vector of (1, =1, 2) and

(3 21), respectively. Then, a= i- ; +2k and
—+ - - A
b =30 + 2]+
Now, the required equation of line is given by

F=7+Mb-3)
[Ans. F = (i = j+26)+ A(2i +3] k)]

Given line is 5x-25=14-Ty = 35z.
x-5_ y-2 z

x-5 2Z-y z
—_— = =
1/5 17 1435 15

17 1735
. . . . . 1 11
= Direction ratios of the given line are —, ——, —.
5 7 35
=+ Direction ratios of a line parallel to the given line are
rtional £ L 11
To o o - =, —
prope 5 7 35

oo The required line will be parallel to the wvector
-+ 1l 1a- 1 ~
b=—i-=j+—k
5 7 35

Hence, the required equation of line is given by
- = -
r=a+ib

oW e e s 1 12 1=
=r=(i+2j=k)+A|-i=—j+—k

(i+2) [5 777 35 ]
Given equation of lines are
r=(4i = j)+ A + 2j - 3k) (D
r=(i— j+ 2k)+ (2 + 4] - 5k) i)
On comparing Eqgs. (i) and (i) with r = a;, + Ab, and
r=a, + b, respectively, we get
ay =4i-J, b =i+2j-3k

and

and a2=;-}+2£,52=2;+4}-5E
Here az-al=—3'i'+2k

iJok
and b x b, =[1 2 =3

2 4 =5

=i(=10+12)= j(=5+6) + k (4 —4)

=2i=]

= b xbyl= 22+ (-1 =a+1=15
Now, the shortest distance between the given lines is
given by L L
d=“bl % sz_{% _ a|]| _ |(2f—j]-(—3f + ?.f(]|
b, x by N3
=4l

6 .
= —= = —=unifs
N
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20. Given equation of line is
bx—2 3y+1_ 2z-2
i} i} [i]

(-4 203) A3

4] 6 [}

6x=2=3y+1=2z=-20or

ar

T3 Y3 a1

ar = =
1 2 3
Clearly, DR's of given line are 1, 2, 3.
1 2

] s

3
Vit i e
[-V12 42243 = 1+4+9 = 14]

Now, equation of a line passing through the point
(2 =1 =1)and parallel to the given line is

~. DC's of given line are

12
= x=A+2 y=2h=-1z=3A-1
dtytzk=(A+2)i+(2A-1)j+Br-1)k
_)={2?—}—E)+l{?+ 2j +3k)
. r=(2i = = k)+ A(i + 2) +3k)
which is the required equation of line in vector form.
21. Solve as Question 20.

3 =) - - - - - -
[Ans.(;,;,?}r=—f+2j+3k+l{2f+3j-6k)]

22. Similar as Example 2.
[Ans. r = (i + 2] — 4k) + A(2] +3] +6K)]
23. Similar as Example 2.
[Am,?={z§-}+3ﬂ}+}.{-a?-3}+a£)
2-x _=—-y-1_z-3
6 3 {:]

and

24. Similar as Example 5 (i). |:A]'|§ 6 =cas! [12_9]]
1

25. Similar as Example 5 (i). [Ans £:|
3
26. Similar as Example 5 (ii). [Am %; given pair of lines are

perpendicular to each Dl.her:|

27. Hint (i) The given equations of lines can be rewritten as
x=0_y=0_=z=0
=12 -3

I-U=}'—D=z-0aﬂd
3 2 -6 2

(ii) Similar as Example 5 (ii). [Ans. 0= ﬂ

c=x

28. Hint Given equations of lines can be written as
x-1_y-2 _ z-3

-3 2p7 1
x-1 _y-5_z-11

3pn7 -1 -7
Since, Eqs. (i) and (ii) are perpendicular.

—{$]+%{—1]+1{—7)=0 [Ans. p =7]

.1)

...(id)

and

29. Hint Ifa,. by, ¢, and a,, b,, ¢, are the direction ratios of the
lines, then the lines are perpendicular, if
aya; + by 4 cyc, =0

30. Any line through the point (1, 1, 1) is given by

r—=1 y-1 _z =1 .
a b c -0
where a, b and ¢ are the direction ratios of line (i).
Now, the line (i) is perpendicular to the lines
x+2 Y- 3 _z+1

1 2 4
=1 -2 =3
and X > =2 7 =2 . where DR's of these two lines
are (1, 2, 4) and (2, 3, 4), respectively.
a+2b+4c=0 L1}
and 2a+3b+4c=0 L)

[ if two lines having DR's(q,, by, ¢,)and (a,, b,, ¢, ) are
perpendicular, then a,a, + bk, + c,c, =]
By cross-multiplication method, we get
a b c a b ¢
- - =
8-12 8-4 3-4 -4 4 =1
~. DR'S of line (i) are - 4, 4, =1

.. The required cartesian equation of line (i) is
x=-1_y-1_=z-1
=4 4 =1

and vector equation is T=i4 } +k+ l{—‘!; +4} - £}

Again, let 0 be the angle between the given lines. Then,
1x2+2x3+4x4 24 24

Jitat16,J1+9+16 21420 e0o
24
0= cos™ | ——
cos [609]

31. Solve as Question 30.
Hint Find DR's of perpendicular lines.

Ans, ET1oY*1_z-L
10 =4 =7

cos O =

its corresponding vector
-+ - - - - A A -
equationis r =(i=j+k)+A(10i =4j=7k)

32. Similar as Example 12. |:Ans.%1jr5_ units]

33. Similar as Example 13. [Ans. 2429 units]
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34. Given equations of lines are
T=(4i +5) + A (i + 2 - 3k)
and r=(i—j+2k)+p(2f +4] - 5k)
N
On comparing with ?=al + Ab, and F}=a_1._.)+j..l.b2 , we
- - P - - -
get a =4i+5), bi=i+2j-3k
—* - - A —p - - A
and a, =i —j+2k, ba=2i +4j-5k

- = A - - - - - - -
Now,ay —a =i—j+2k—4i -5 =-3i—6] + 2k

A

L ik
and b xb,=|1 2 -3
2 4 =5

=i(=10+12) = j(~5+6)+ k (4 - 1)
=2 - j+0k

By x| = (20 + (=12 + (0 = Ja+1=+5

"> Shortest distance between two lines is
op | (B xb2)-(az = @)
— =
| by % b, |
| (2i = j+ok)-(=3i -6 + 2k)

5

Hence, the two lines intersect each other.

—6+6+0

V5

5D

35. Given equations of lines are
x=1_y+1 =z-=1 dx+2_}r-1_z+1

3 2 5 4 3 -2
On comparing above equations with
r-x _¥Y-wn_z-%
4 by £
and r—x2=y—y2=z—zz,wegel
az b, €2

n=Ly==Lz=la=3b=2¢c =5
and x, =-2 y,=lz,=-la,=4,b, =3¢, =2

Xa=X; Ya—W Za—n| -3 2 -1
Now, consider | a, by o, = 3 2 5
a, b, €y 4 3 =2

=-3(-4-15)- 2(—6— 20)— 29— §)

=-3(-19)-2-26)- A1)
=57+52=-2=107 #0

=3 Shortest distance will not be zero.

Hence, the given lines do not intersect each other.

36. Similar as Example 15 [Ans. (2, 6, — 2)]

37. Any point on the given line is
(2h -1, =20 43 —A)L
Therefore, coordinates of Qare (24 =1, = 24 + 3, = A).

— - ~ )
Now, PQ =(2h—2)i + (- 2A +1)j +(-A+3)k

38.

39.

c=x

P 1,2 -3)

—
Since, PQ is perpendicular to the line

SN 2h=2) = 2=2h 1) =1-A+3)=0

= A=1

.. Foot of the perpendicular is 0(1, 1, -1).

Let P’(x, y, z) be the image of Pin the line, then
Coordinates of Q = Coordinates of mid-point of PP’

+1 2 z-3
=L-n=[= 222
2 2 2
F(1,2,=3)
1Q
i
!
+ Py 2)
1 +2 -3
= i:lr y_=landz =1
2 2 2

= x=lLy=0z=1
Hence, the image is (1, 0, 1).
Solve as Question 37.
[Ans. Foot of perpendicular =(= 2,1, 7) and image of
A=(=3-8610)
Solve as Question 30.
[Ans.x_lzy-2=2+4a.nd
2 3 (]

T=(i + 2] —ak)+ A(2i +3] +6k)]

40. The direction ratio of the lines

x=1_y=2 z=3

-3 2 2 3h 2 -5
=3, 24, 2and 34, 2, =5, respectively.
It is known that two lines with direction ratios a. b,. ¢,
and a,, b,, c, are perpendicular, if
aa, + bb, +cc, =10

(=3)(3A) +(2ZA) 2+ (2)(=5)=0
= =0A +4h =10=0
= =5A=10 = A==2
Therefore, for & = = 2 the given lines are perpendicular.

x=1 =1 z==6b
and =2 = are
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42,
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The coordinates of any point on first line are given by

=1 -2 -3
I -2 =1 = 5 (say) [eh==1]
=3 =4
= x==35+1 y==4s5+2
and z=2s+3

So, the coordinates of a general point on first line are
(=35 +1, =45+ 2 25 4+ 13)
The coordinates of any point on second line are given
by
=6
oz e
= x==6t+1, y=2t+landz ==5f+6
So, the coordinates of a general point on second line are
(=6t +1, 2t + 1, =5t + 6)

If the lines intersect, then they have a common point.
So, for some values of s and t, we must have,
=Js+l==6t+1, =45+ 2=2F+1

and 2s +3==5t +6
= =354+ 6f=0-4s5=2t==land 2s +5¢ =3
Solving first two of these two equations, we get

5= 1 and t = L

5 10

These values of s and ¢, do not satisfy the third equation.
Hence, the given lines do not intersect.

Similar as Example 9.

Hint The given equations can be rewritten as

x=1_y=1_=z+l dx-4_y—l]_z+l
3 -1 0 2 0 3
[Ans. (4,0, =1)]

Given lines are

x—-8 y+49 z-10 )
= = = l el
3 =16 7 (sav) @
x=15 y=29 z=5 .
d = = = cod
and — 3 5~ M(say) (ii)
P h
Q -

Any point Pon line (i) is

P(3)A + 8 =164 =9, TA +10)
and any point Q on line (ii) is

Q3w +15, 8 + 29, =51 + 5)
So, direction ratios of P() are
(Bu+15=-34 -8 8u+29+16A+9—-5L+5=TA=10)
ie. (3 =3A+7, Bu+16A +38 =50 =TA=5)

(i)

div)

Now, |PQ| will be the shortest distance between lines (i)
and (ii) if PQ is perpendicular to both lines (i) and (ii).

43.

c=x

33 =34 + T)=16(8 + 16A + 38)
+7(=5u—TA =5)=0

[ aya; + byby + cyc, =0]
= 9 — 9 + 21 — 1281 — 256 — 608 — 351 — 494 — 35 =0
= =154u=314A=622=0
=  7TUW+157A +311=0 [dividing by (—2)]..(v)
and 3(3u—3A +7) + 8(8u + 16A + 38)

—5(-50—Th -5)=0

[ aa, + bb, +cjc, =0]
= =9k + 21 + 641 + 1284 + 304 + 250 4+ 354 + 25=0
= 98u +154 +350=0
= TUW+11A +25=0 [dividing by 14] ...(vi)
On multiplying Eq. (vi) by 11 and then subtracting from
Eg. (v), we get

(770 4+ 1574 +311) = (770 + 1214 + 275) =0
o 36k +36=0 = A=-1
On putting the value of A in Eq. (v), we get
770 +157(=1) + 311 =0

= 77U =157 +311=0
= TTu+154 =0 = u=-2
On putting the values of & and p in Egs. (iii) and (iv),
we get

Coordinates of P=(-3+ 8 16 -9 =7 +10)=(5,7, 3)
and coordinates of Q = (=6 + 15, =16 + 29, 10 + 5)

=(9,13,15)
.. Shortest distance between two lines,

PQ=1,I'{9—5]2 +(13-7)° +(15-3)*
[ distance =('J':1'z -Il)z +(¥:—-»n )? +(z; - 31)2:']

=,{16 4+ 36 + 144 = 4196 =14 units

Equation of line PQ of shortest distance is

x=5_y=7 z-=3

9-5 13-7 15-3
DXy _ Yo _ 75,
X=X Yoo ¥ 2273

x=5_y=7_z=3

4 il 12

-5 -7 -3
Hence, xz =}r3 =Z is the required equation of

the line which gives shortest distance.

Similar as Example 15.
[Ans. Length of perpendicular is +/ 24, coordinate of foot

of perpendicular is (3, =4,=2) and eguation of
=1
perpendicular is X - lg = il
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SUMMARY

Direction Cosines A directed line say L passing through the origin makes angles o, p and y with X, ¥ and Z-axes respectively, which
are called direction angles. Then, cosine of these angles, i.e. cos «, cos i and cos y are known as the direction cosines of the directed
line L. Wedenoteitas, |=cosa,m= cospandn=cosy.

Direction Ratios Any three numbers a, b and ¢ proportional to the direction cosines |, m and n, respectively are called the direction
ratios or direction numbers of the line.
{i) The direction ratios of a line passing through two points P(x;, ¥, 21)and Q (xs, ¥s, Zz)are xs — Xy, ¥» — ¥y, Zs — Z;.
(i) /=% 8 me=t—Pl __andn=+——C
Ja? +b% +c? Ja® +b% +c? 1’;~2+b2+c2
Equation of a Line
{i) Equation of a line through a given point and parallel to a given vector

Vector Equation T =a+Ab, where, a= position vector of point and b vector to which line is parallel.
L L A |
b
(i) Equation of a line passing through two given points

Cartesian Equation

, where a, b, ¢ are direction ratios and (x,, y;, ;) be the point.

Vector Equation T=3+ Wb —a), where 3 and b are position vectors of points.

Cartesian Equation ——L = YY1 _ 2751 \here (x, y;. z,)and (xp, ¥z, Z»)are two points.
K= % Yoo Z2— 3y

Angle between Two Lines
B -b,
51155

Vector formcos 8=

Cartesian form cos 0=

va + b +ci & + b +c}

Distance between Two Skew-Lines The shortest distance between these two skew-lines.

aa; + bbs +CE l

Vector Form SD =

Mo —X Va—Wi Z2— 4
g by Cy
= b, Ca

JIbC2 —bayF + (03, —Coa ) + @by — ahif

= Distance between Parallel Lines The shortest distance between parallel lines

Cartesian Form 5D =

b x(a,-3,)
|B]

L,:?=§:+I-.Eand L22?=a_;+p3is SDord =
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CHAPTER
PRACTICE

OBJECTIVE TYPE QUESTIONS

1 Pisa point on the line segment joining the

points (3, 2, -1) and (6, 2, - 2). If x-coordinate of P
is 5, then its y-coordinate is [NCERT Exemplar] 10
(a) 2 b1
(e) -1 (d)-2
2 If Ois the origin and OP = 3 with direction ratios i
-1, 2 and -2, then coordinates of P are
(a)(-1,2,-2) (b) (- 12 _2]
3’3" 3 12
() (-3,6,9) (d)(1,22)
3 The equation of X-axis in space is
[NCERT Exemplar] 13
(a)x=0,y=0 (b)x=0,z=0
(c)x=0 (d)y=0,z=0
4 The coordinates of a point on the line 14

x+2 y+l z-3
3 2

point (1, 2, 3) is

(a) (56,43, 111)

(e) (2,1,3)

at a distance f;:;f:,ﬁE from the

(b) 56 43 1M
STASTANTS

(d) (-2-1,-3) s

VERY SHORT ANSWER Type Questions

5 If aline makes angles 90°, 135°, 45" with the X, Y

and Z-axes respectively, find its direction

cosines. [Delhi 2019] 16

Find the direction cosines of the following line
3 -X _

4 [CBSE Sample Paper 2021 Term I]

The line of shortest distance between two skew
lines is to both the lines. [All India 2020]

17

Cartesian equation of line AB is

Ix-1 d4-y z+1
2 T

a line parallel to AB.

. Write the direction ratios of

[All India 2010]
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What is the cartesian equation of the line

. .. .. .
=(3i-j+4R)+A(i +2j+3k)7?
r=( J+4k) (£ +2) ) [NCERT Exemplar]

Write the vector equation of the line
x-5_y+4 _6-z

c=x

3 7 2’ [Delhi 2010]

Find the equation of line passing through the
point (2, 1, 3) having the direction ratios1 1, -2

Find the equation of a line parallel to ¥Y-axis and
passing through the origin.

Write the condition for the lines r = §;+ ;'LE; and

— — . = R .
r =a,+ Ab, to be intersecting.

Show that the lines ——

¥

2 = %are perpendicular to each other.

SHORT ANSWER Type I Questions

IfPisa pmnt in space such that OP =12 and OP

is inclined at angles of 45" and 60° with X and
Y-axes, respectively. Then, find the position
vector of P

[Hint First, use [? +m> +n? =1]
Show that the line joining the origin to the point

(2,1,1) is perpendicular to the line determined by
the points (3, 5, -1) and (4, 3, =1).

[NCERT Exemplar]

SHORT ANSWER Type II Questions

A line passing through the point A with position
vector a = 4i +2_}' +2kis parallel to the vector

b =2i + 3] + 6k. Find the length of the
perpendicular drawn on thls line from a point P
with position vector r= : +2_; + 3k
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18 Find the vector and cartesian equations of line
passing through the point (1 2, - 4) and
perpendicular to two lines

Xx-8_ y+19_ z-10 andr-15=}'_29=z_5.
3 -16 7 3 8 =5
[Delhi 2012]
19 Show that the angle between the diagonals of a

cube is cos™ [l}
3

20 Find the shortest distance between the lines
F=(-0i+({t-2j+(3-20k
and r=(s+1)i+(2s-1) j-(2s+ Dk
[All India 2011)

21 Find the shortest distance between the lines
x41=2y==12zandx=y+2=6z-6.

22 Find the shortest distance between the
following lines

F=(i+j-R)+s@+j+h

and ?=(;+j+2§}+t(4f+2}+2§)
[CBSE Sample Paper (Term II)]

23 Show that the lines r = 3i +2] -4k + A(i + 2+ 2k)

andr =5i -2}' +1 (3? + 2}'+ Sﬁ] are intersecting.
Also, find their point of intersecting.
[All India 2013]

LONG ANSWER Type Questions

24 If a variable line in two adjacent positions has
direction cosines [, m,n and { + &I, m + ém, n + én,
then show that the small angle 50 between the

two positions is given by 507 =517 + dm” + dn”.
[NCERT Exemplar]
25 A_B) =3i -_;'+ !EandC'_L?')‘:-Sf +2}' + 4k are two
vectors. The position vectors of the points A
and C are 6i + 7}' +dk and-9}+2fc,

respectively. Find the position vector of a point
P on the line AB and a point Q on the line
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c=x

—_ — —
CD such that PQ is perpendicular to AB and CD
both. [NCERT Exemplar]

26 Find the value of A, so that the lines
l—x=Ty—14=z—Sand?-_?x=y—5=6—z
3 A 2 3 1 5
are at right angles. Also, find whether the lines
are intersecting or not. [Delhi 2019]

27 Aline makes angles . i, y and & with the four
diagonals of a cube, prove that

2 2 z Ze
cos o +cos f+cos y+cosTH =

e | b

CASE BASED Question

28 The equation of motion of a missile are x = 3¢,
y=—4tand z =, where the time { is given in
seconds and the distance is measured in
kilometres. [CBSE Question Bank]

Answer the following questions using the above
information.

(i) What is the path of the missile?
(a) Straight line (b) Parabola
(c) Circle (d) Ellipse

(ii)) Which of the following points lie on the path
of the missile?

(a) (6, 8,2) (b) (6,-8,-2)
(c) (6,-8,2) (d) (-6,-8,2)

(iii) At what distance will the rocket be from the
starting point (0, 0, 0) in 5 s7

(a) v550 km (b) V650 km
(c) V450 km (d) J750 km
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| ANSWERS |

1. (a) 2. (a) 3. (d) 4. (b)
1 1 1 1 4
50 -— — 6. [_ 5 _]
NERE) 32 342 342
7. perpendicular 8.1 -72)
9 ?:%:z: 10. 7 =(5 — 4] + 6k) + A(3T + 77 — 2k)
iy *x-2_y-1_z-3 2. XY .2
1 1 -2 0 1 0
3. (b xb,)-(a,—a)=0 15. 6427 + 6] + 6k
17. /0 units I8. x—;l = FT_Z =Z;—4; r=(i +2j—ak)+ M2i + 3] + 6k)
20. %units 21. 2 units
22, %,iiunits 23. (-1, -6, —12)

25. P=(3,83), Q =(-3, -7, 6); position vectors are 3+ 8_} +3k and - 37 —'}‘j' + 6k.

26. i =7, lines are not intersecting 28. (i) —(a), (i) = (c), (iii) — (b)
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